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The Rayleigh-Taylor (RT) instability of a stratified and viscid magnetoplasma including the
effects of finite-resistivity and suspended particles is investigated using normal mode analysis.
The horizontal magnetic field and the viscosity of the medium are assumed to be variable. The
dispersion relation, which is obtained for the general case on employing boundary conditions
appropriate to the case of two free boundaries, is then specialized for the longitudinal and
transverse modes. It is found that the criterion of stable stratification remains essentially
unchanged and that the unstable stratification for the longitudinal mode can be stabilized for a
certain wave number band, whereas the transverse mode remains unstable or all wave numbers
which can be stabilized by a suitable choice of the magnetic field for vanishing resistivity. Thus,
resistivity is found to have a destabilizing influence on the RT configuration. The growth rates of
the unstable RT modes with the kinematic viscosity and the relaxation frequency parameter of
the suspended particles have been analytically evaluated. Dust (suspended particles) tends to
stabilize the configuration when the medium is considered viscid with infinite conductivity. The
kinematic viscosity has a stabilizing influence on the ideal plasma modes.

I. Introduction resistivity modifies the RT problem and makes
possible new unstable modes. Zadoff and Begun [5]
have treated the case of two incompressible
homogeneous fluids separated by a horizontal
boundary in the presence of a uniform horizontal
magnetic field. They have discussed the effects of
finite resistivity and viscosity of the medium on the
growth rate of RT modes and have shown that a
finite resistivity does not affect the growth of

unstable modes when the wave vector is perpendic-

Rayleigh-Taylor (RT) instability, i.e. the instabil-
ity of a heavier fluid supported by a lighter one
whereupon the two interchange their positions,
bears some relevance to Laser fusion experiments
and has been mentioned as one of the simplest non-
trivial instabilities of astrophysical i1mportance.
When the heated interior gas in a supernova explo-
sion exerts pressure on the cold shell, increasing its

outward momentum, this is equivalent to a low
density fluid accelerating a heavier one and RT
instability must result as discussed by Spitzer [1].
Chandrasekhar [2] has presented a comprehensive
survey of the various investigations carried out on
the RT instability problem under various assump-
tions. He has distinguished two special cases: the
instability of two superposed fluids of different
densities and the instability of a single fluid having
a continuous density stratification, which case he
considers equally interesting.

It has been demonstrated by Furth et al. [3], Jukes
[4]. and many others that the inclusion of finite
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ular to the magnetic field but that it does increase
the growth rate when the wave vector is parallel to
the magnetic field. Sundram [6] has considered
gravitational instability of a fluid finite resistivity
and concluded that the density stratification is
unstable for all wave numbers. Bhatia [7] has
investigated the case of two superposed fluids of
variable viscosity immersed in a horizontal magnetic
field, but he has assumed the fluids to be infinitely
conducting.

Saffman [8] has initiated the study of dusty gases
in magnetohydrodynamics. Alfven and Carlqvist [9]
have emphasized the importance of dust in the
analysis of the problem of star formation out of
interstellar clouds. Michael [10] has pointed out that
the presence of dust (suspended particles) tends to
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stabilize the system by reducing the growth rates of
the disturbance in context of the Kelvin-Helmholtz
instability. Scanlon and Segel [11] have made a
detailed study of the hydromagnetic instability in
connection with the Benard convection and have
examined the influence of suspended particles.
Chhajlani et al. [12] have treated the problem of
magnetogravitational instability of a finitely con-
ducting plasma in the presence of suspended
particles. Sharma and Thakur [13] have considered
the RT instability of a stratified partially ionized
plasma.

Recently, Chhajlani et al. [14] have incorporated
the effect of suspended particles in the RT instabil-
ity problem of a viscid plasma having an exponen-
tially varying density distribution in the presence of
a variable horizontal magnetic field, considering the
medium to be infinitely conducting; the grwoth rate
of the unstable Rayleigh-Taylor modes has been
evaluated analytically in order to examine the
influence of the suspended particle and the viscos-
ity. The approximation of an ideally conducting
plasma is valid for an astrophysical plasma but it is
often a poor approximation for laboratory plasmas,
and hence finite resistivity needs to be incorporated
in a more realistic approach. Thus, the simultaneous
inclusion of finite resistivity and suspended particles
in the analysis of the RT instability of a stratified
fluid is certainly interesting, and this has been done
in the present study.

II. Equations of the Problem and Linearization

Consider a homogeneous medium of a gas with
suspended particles which is infinite along x- and
y-directions and bounded by two free surfaces at
z=0 and z=d. Let u, v, N and o denote the gas
velocity, the velocity of the particles, the number
density of the particles and the gas density, respec-
tively. The particles are assumed to be nonconduct-
ing and the gas is considered finitely conducting
and viscid. If we assume uniform particle size,
spherical shape and small relative velocities be-
tween the two phases, then the net effect of the
particles on the gas is equivalent to an external force
term per unit volume KN (v — u), where K= 6ngvr
(Stokes” drag formula) and r and v denote the
particle radius and the kinematic viscosity of the
gas, respectively. Hence, the relevant equation of

motion for the gas-particle medium is

d
Qd—l:=—Vp+Q\'V2u+KN(v—u) (1)

i ow Ou
4/1:1 (VxH)xH+gQ+(—+—)D,u.

+
ox Oz

where p, ., g(0,0,—g), H(H(z),00) denote the
pressure, the magnetic permeability of the gas, the
gravitational force and the magnetic field, respec-
tively, and x = (x, y, z). The continuity equation of
the medium is

0o

<t V)e=0. )

For an incompressible medium
V-ou=0. 3)

The distance between the particles is assumed to
be so large that interparticle reactions can be
ignored. The buoyancy force on the particles is
neglected as its stabilizing influence for two free
boundaries is extremely small. The electrical forces
on the particles are also neglected. The density
changes are small except in the gravity term. Under
these approximations, the equations of the motion
and continuity for the particles are

"

mN—af—=KN(v—u), 4)
ON
E%—V'(Nl'):(), )

where m is the mass of the particle.
Finally, the Maxwell’s equations for a conducting
medium with finite resistivity 5 are

V-H=0, (6)
H
%—[=Vx(uxH)+17V2H, (7)

where n=c*/4ng; o is the conductivity and ¢ the
velocity of light.

Now let the initial state of the system be denoted
by the subscript “0” and be a quiscent layer with

uniform particle distribution. Thus, we have
uy=0, v9g=0, Ny= constant. (8)

The stability of the initial state is studied by
writing solutions to the full equations as the initial
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state plus a perturbation term (denoted by primes):

u=uyg+u, v=vy+0v', N=Noy+N’,

H=H,+h', p=p,+dp and o= ¢+ do, (9)

where Jdp and dp denote perturbations in pressure p
and density o, respectively. Next, we put the pertur-
bation assumed in (9) in (1)—=(7) and linearize them
by neglecting products of the perturbations. We also
drop the subscript “0” from the equilibrium
quantities.

II1. Perturbation Equations

We find that the linearized perturbation equa-
tions for the gas-particle medium become

Ou . He
QEZ_VO‘D+4n[VXh)XH+(VXH)Xh] (10)
, . ow Ou\ du
+uViu+KN@—u)+gdo+|—+—|—,
uV-u (v —u)+gdo (ax a:) a
( EH),._ 1
Tar - "
Oh
= = H-V)u—(@:V)H+yVh, (12)
0 .
— 0o+ m-V)o=0, 4

or

where t=m/K denotes the relaxation time for the
suspended particles and u represents the viscosity of
the medium.

We assume the perturbations to vary as

exp(ik, x + ik, y+01), (15)

where ¢ is the growth rate of perturbation and k.,
k, are the wave numbers along the x- and y-direc-
tions (k* = k2 + k3).

Substituting ¢ from (11) in (10) and then employ-
ing (14) and (15), we obtain components of (10) as
follows:

[o(ta+ 1)+ mN]ou
=—(+o0) ik, ép+u(l+o1)(D*—kdu
+ (ikyw+ Du)(1 +o1) D

+ 25 (1 L o) (DH) ., (16)
4n
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[o(ta+ 1)+ mN]or
=—(l+o0)ik,dp+u(l+or)(D*—kd)r
+(1+t0)(ikyw+ Drv)Dpu
He

+EH(1 +O’T)(ka hy—fkyh_\,), (17)
[o(ze+1)+mN]ow
=—(1+07)Dop+ :e H(1 +01)(iky h,— Dhy)
T

Lo (1 +a7)(DH) b,

+u(l+o1)(D*—K)w—
4n

121+ DwDu+L (1 +a0) (D) w, (18)
a

where D = d/d:z.

Similarly, using (15) one obtains from (11)—(14)
(6—nV?) hy=ik,Hu—wDH, (19)
(6—nV hy=ik,Hr, (20)
(6—nV> h.=ik,Hw, (21)
gop=—wDo, (22)
ikcu+tik,v +Dw=0, (23)
ikyho+ik,hy+Dh.=0, 24)

where V2= (D> - k?).

It is easy to eliminate dp from (18) with the help
of (16) and (17), and finally substitution of /. from
(21) in the resulting equation yields following differ-
ential equation in the perturbed velocity com-
ponent w:

gl(at+ 1)+ %] [D(e Dw) — k*ow]
—u(ot+ 1)(D*— k?)?w
—(ot+ 1)(D*= k) DuDw
—(ot+ 1) D*u(D*+ k) w
e K(ot+1)

4n (c—nV?)
2

gk
+=>—(to+1)Dow=0,
o

(H*(D> - k*)w + (DH? Dw)
(25)

where 2y = m N/o denotes the mass concentration of
the suspended particles.
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IV. Stratification and Boundary Conditions

We shall solve (25) for a gas-particle medium
with a continuous stratification of density o(z)
given by
0=z=d,
elsewhere,

o(c) = { 2P 26)
where g is the density at the lower boundary, S is a
constant and d is the depth of the medium. We must
note here that a similar stratification is assumed for
the suspended particles. For the sake of simplicity
in the analysis we consider a similar stratification
for the viscosity and magnetic field i.e.

u(z) =poexp(f2),

H?*(z) = H}exp(fz). 27

It follows from (27) that the kinematic viscosity
and the Alfven velocity Vi = (H}u./4mop)"? are
constant throughout the medium. Following Chan-
drasekhar [2] and Bhatia [15] the requisite boundary
conditions appropriate for a medium with both
bounding surface free are

w=0, D*w=0, D*w=0 at z=0andz=d. (28)

In fact, w and all its even derivatives should
vanish at the boundaries in this case.

V. Dispersion Relation and Discussion

We have divided this section into three sub-
sections Va), Vb) and Vc). In all cases we have
treated the problem under the assumption that both
bounding surfaces are free.

It has been pointed out by Spiegel [16] that free
boundaries bear relevance for certain stellar atmo-
spheres. Many authors, including Chandrasekhar
[2], have adopted free boundaries because they
allow for exact solutions of the problem.

a) Viscid Finitely Conducting Dusty Plasma

We shall now obtain a dispersion relation from
(26) which represents the combined influence of
finite conductivity, viscosity and the suspended
particles. For this, we first employ (26) and (27) in
(25), and then solve the resulting equation neglect-
ing the effect of heterogeneity on the inertia term.
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We thus obtain

2 VZ
(cV4—nVOw— fex AV2y
Vo
(ct+1+02)0
= i, D
k2
- gfv (- V) w=0, (29)
0

where V2= (D?— k?) and vy = po/00.

The differential equation (29), which contains
only even derivatives of w, has to be solved con-
sistent with the boundary condition stated in
(28) 1.e.

w=0, D*w=0 atz=0andz=d.
We find that w and all its even derivatives vanish

at z=0 and z=d. The proper solution of (29) in
view of above boundary condition is

w=Asin(m’'nz/d), (30)

where m’ is an integer.

From (29), inserting the values of w and its
derivatives in accordance to (30), we obtain the
dispersion relation

oo+ Dw(c L2+ n L)+ k2Via(ot+ 1) L
+o2(ot+ 1+ %) (oL +nL?

—(ot+1)gBk*(c+nyL)=0, (31)

where L =[(m’ n/d)* + k?].

It can be easily verified that for an ideal plasma
(n=0), it reduces to the dispersion relation obtained
by Chhajlani et al. [14]. This can be further simpli-
fied and cast in the form
a*t+a*[Lt(vo+ ) + (1 + )]

+ o2 L(nLt+1)+(1 +2%) nL +14]
to[i—ghK nd+ (Ll —g Bk =0,(32)

where 4= (k3VZi—g BKk*/L).

Here we introduce f; = (1/7), which is the relax-
ation frequency parameter of the suspended par-
ticles. Then (32) assumes the form

ot +d[L(vo+ 1) +1fi(1 +29)]+ > L(nL+f)
+(I+a)nLfi+il+o[fsi—gBk*n]

+nfinL2—g Bk* =0, (33)
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which is a general dispersion relation representing
the combined influence of the viscosity, suspended
particles and the finite conductivity on the RT
instability of a composite gas-particle magnetized
medium.

Now, it is elucidating to discuss (33) for the
following special cases:

(1) Longitudinal mode (k.= k, k, = 0). This special
case concerns pertubations parallel to the magnetic
field. We find that the dispersion relation (33) in
this case becomes

a*+a [L(vo+n) +f(1+2)]+ 02 [voL(nL +£)
+(I+2) nLfs+ X+ o[fs i/ —g Bk n]

+nfi(o L?—g k) =0, (34)

where 2/ = (K*Vi—g [ K*/L).

Now., when £ < 0 (stable stratification), all the
coefficients of (34) are real and positive and hence
will not admit any real positive root or complex root
with a real positive part, implying thereby stability
of the considered medium. We conclude that a
stable density stratification will remain stable even
for finite resistivity together with suspended par-
ticles and non-zero kinematic viscosity. But when
£ >0, which is the criterion for unstable density
stratification, the configuration will be unstable if

vo L> < g B K> (35a)
But it can be stabilized if
wl*>gpk* and fi2'>g Bk (n) (35D)

are satisfied simultaneously, where we have assumed
2/ > 0. It can be easily seen from (34) that in the
infinite conductivity limit the configuration can be
stabilized for those wave numbers which satisfy the
inequality
’ 2
K> g fIVi - (mdn)
which is the same as was obtained by Talwar [17].
But for the finitely conducting composite medium
one has to satisfy (35b), which involves finite
resistivity and viscosity. This indicates destabiliza-
tion for the longitudinal mode. A close examination
of the conditions expressed in (35a) and (35b)
reveals that the criterion of instability is indepen-

dog
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dent of the medium resistivity, but the stability
criterion involves finite resistivity.

(ii) Transverse mode (k.=0, k,=k). Here we
consider perturbations which are perpendicular to
the direction of the magnetic field. The dispersion
relation for this particular mode can be worked out
from (33) by setting k, = 0, kK, = k. We get

ot + & [L(vo+ ) + £(1+ %)]
+a2[vo L(nL+f) + (1 + %) nLfi—g fK*/L]
+al-fgBK/L—g Bk 1)
+nfi(vo L*—g BK*)=0.

We find again that for f < 0 the above equation
does not possess any positive root or complex root
with positive real part. Hence the stable density
stratification remains stable. For >0 (unstable
stratification) we find that even if the condition
vo L > g p k* is satisfied, the medium can not be
stabilized since the coefficient of ¢ will always be
negative and as a result (36) may possess a positive
root or complex root with real positive part (Hur-
witz’s criterion). However, the condition of instabil-
ity is again given by (35a) which makes the
absolute term of (36) negative and therefore will
necessarily possess one real positive root which de-
stabilizes the system. Hereafter, we will deal with
the general dispersion relation (33) since the case of
transverse perturbations is relatively unimportant,
which is evident from the foregoing discussion.
Now, we shall estimate the growth rate of the
unstable RT modes.

It is clear that if (35a) is satisfied, the general
dispersion relation (33) will possess at least one
positive real root which leads to instability. Let us
denote this by gy. Then g, will satisfy the equation

b+ g [L (o + 1) +£:(1 +2)]
+odwL(pL+f)+(1+a)nLfi+i]

+oo[fei—g BK m)+nfilvg L —g fk%)=0.(37)

Now to comprehend the implications of finite
resistivity, suspended particles and the viscosity of
the medium on the growth rate of the unstable
Rayleigh-Taylor modes. we evaluate doy/df, and
doy/dvy from (37) and discuss their nature. We have
from (37) assuming k and %, constant

(36)

—LoL—gpkd)+ad(l+2)+adivol +nL(l+x) + 0/

df, [doj+3adiv L+ f.(1+2)+nL)+20, WoL(nL+f)+(I+x) fin L+ (fs 72— g fK2p)))

(38)
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Now consider the inequalities

a3 (1 + %) + o [vo L + 5 L(1 + 2)]

+6piZnL(vyL—gpk (39)
and
43+ 3adivo L+ fi(1 + 29) + 5L}
+2a0vo L(nL+£) + (1 + %) finL + 4]
+(fii—gpknz0, (40)

where /. is assumed to be positive. If either both
upper or both lower signs of the inequalities (39)
and (40) hold, then doy/dfs is negative. Thus we
infer that the growth rate of unstable RT modes
decreases with increasing relaxation frequency
parameter . of the suspended particles when the
mentioned restrictions hold. Thus the conditions
(39) and (40) define the region where the suspended
particles have a stabilizing influence. But if the
upper sign of the inequality (39) and the lower sign
of (40), or vice versa, hold simultaneously then the
growth rate turns out to be positive. This means,
under these limitations suspended particles can
increase the grwoth rate of the unstable RT modes.
We observe from (39) and (40) that the stabilizing
or destabilizing influence of suspended particles is
dependent on the finite resistivity of the medium.
Also from (37) we have

dog _ —[o3 L+ad L(nL +f) + L*f. 1]
dvy 40+ 303a+20,b+ C

, (41)

where a=[vy L +f;(1 +29) + 75 L],
b=[vwoL(nL+f)+finL(+2x)+7],
C=(fsi=g Bk n.

The growth rate of the unstable mode is negative if

403+ 30ja+20,b+C>0, (42a)
and it is positive if
463+ 30ja+20)b+C<0, (42b)

where 4> 0. It is readily seen from (41) that for an
infinitely conducting plasma (7 = 0) the growth rate
is always negative if

2>0 viz. (K2Vi>gpBk¥L),

whereas for the finitely conducting medium we find
that the growth rate is positive under the condition
(42b). In the light of above discussion it should,
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however, be observed that the kinematic viscosity
always suppresses the growth rate of the unstable
RT mode for an ideal plasma, but for a finitely
conducting plasma it enhances the growth rate
under the condition (42b). Thus from the above
discussion it is of interest to note that the finite
resistivity further destabilizes the system by increas-
ing the growth rate of the unstable modes.

b) Dusty Inviscid Finitely Conducting Medium

In this section we deduce the dispersion relation
corresponding to an inviscid (vo=0) plasma. We
find that the dispersion relation (33) reduces to

o+ [ fi(1+ )+ p L]+ a2 [(1 + ) fin L + 7]
+tolfsi—gBkin—fing Bi*=0.

In the derivation of the above equation the effect of
the mass (m) and the size (r) of the suspended
particles has been included in the analysis through f;.

For <0 and ~ > 0 the above equation will not
admit any real positive root or complex root with
real positive part, and so the system remains stable.

For >0, (43) will possess at least one real
positive root which will destabilize the system for
all wave numbers. Let ¢, denote the unstable
(positive) root of (43), then

(43)

o8+ o [f(1 +29) + L]+ a3 [(1 + %) fs n L + 7]
toolfii—gBkinl—fing BK*=0.

We also note from (43) that the unstable density
stratification (£ > 0) can not be stabilized. We now
proceed to find the growth rate of the unstable
mode as we have done in the preceding section. We
obtain from (44)

(44)

dao/dfs (45)
~ [ +2%+nL)od+0d(1+%) n L+ 7= gBk 7]
[463+30a’ + 26y b+ C’]

where a’'=f(1 +2)+nL,

B =[(1+)finL+ 7],
C'=(fir—gBK)
.= (kiVA—gBKY/L).

and

We find that when 2 > 0, the denominator of (45) is
always positive and hence doy/df; shall be positive
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or negative according to lower or upper sign of the
inequality

(46)
[(1+%) + nL) ad + g (1 +x0) nL + a4 Z g B K*().

Hence we conclude that if 4 > 0, then the growth
rate of resistive RT modes may be suppressed as
well as enhanced with increasing relaxation fre-
quency parameter of the suspended particles. It is
noteworthy from (45) that for an infinitely con-
ducting plasma (#=0), doy/df; turns out to be
always positive provided 4 > 0. This again indicates
that the finite resistivity tends to destabilize the
system.

¢) Dusty Plasma with Infinite Conductivity

The present section concerns absence of a mag-
netic field and may be particularly useful for astro-
physical plasma where the approximation of infinite
conductivity is considered valid. On substituting
n=0and V=0, we find that the dispersion relation
(33) reduces to

ad+ a2 oL + £, (1 + 29)]
+alwLf,—g Bk LI—f,g Bk L=0. (47)

We find that for f <0 a stable stratification
remains stable since then (47) will not allow for any
positive root or complex root with positive real part.
For >0 there is at least one positive real root
leading to instability of the system. We denote this
root by gy, which should satisfy

a3+ ag[vo L + £(1 + %)]
+ag[voLfi—g Bk L) —f,g BKk*/L=0. (48)
We first calculate doy/dvy and thereby examine the

influence of the viscosity on the growth rate of the
unstable perturbations. We obtain from (48)
dao/dvy (49)
(65 L+ 0o Lf,)

[303+200 oL+, (1+30)) + (v Lfs— gk L)]
which is positive or negative according to the upper
or lower sign of the inequality

305+ 200w L + fi(1 + %)} + voLf, Z g Bk L. (50)

We thus infer that the kinematic viscosity can
reduce as well as increase the growth rate of the
unstable RT perturbations as determined by (50).
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In order to determine the role of the suspended
particles in an explicit manner, we calculate day/df;
from (48), which yields

dao/dfs (51)
(= [05(1 + %) + govo L] + g BK*/ L)}

T 303+ 2000 L +/, (1 + %)+ v L f, — g BK/L)}

which is always negative if either
g Bk L>30}+2a,[voL +1(1+29)]+wLlfs (52)

or

gBKkYL < ad(1+x9) + agvo L (53)
is satisfied.

In the derivation of the above conditions we have
made use of the fact that %y = (m N/p), which is the
mass concentration of the dust, cannot exceed one.
Thus we are led to conclude that the presence of
dust always reduces the growth rate of unstable
perturbations when the resistivity vanishes. A simi-
lar consequence of the presence of dust has been
reported by Michael [10] in the context of Kelvin-
Helmholtz instability.

Thus we have discussed analytically the implica-
tions of simultaneous inclusion of the finite resis-
tivity and the suspended particles on the RT in-
stability of a magnetized and viscid medium having
a vertical density stratification. We have found that
the criterion of stable density stratification (f < 0)
remains unchanged in all the cases considered. The
finite resistivity, in general, has a destabilizing
influence on the medium. Our analysis shows that
the longitudinal perturbations can be stabilized viz.
(35a,b), whereas the transverse perturbations
always remain unstable for the case f> 0. The
relaxation frequency (f;) of the suspended particles
can suppress the growth rate in the region (39),
(40), and it can also enhance the growth rate under
certain restrictions. It is worth pointing out that the
finite resistivity plays an important role in deter-
mining these regions. The kinematic viscosity
always suppresses the growth rate of unstable RT
perturbations for an ideal plasma. On the other
hand, it enhances the growth rate when the medium
is considered finitely conducting. We have also seen
that the dust tends to stabilize the dusty infinitely
conducting plasma by reducing the growth rate of
the unstable modes.
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